Curvature and isocurvature perturbations in a three-fluid model of
  curvaton decay by Gupta, Sujata et al.
ar
X
iv
:a
str
o-
ph
/0
31
15
62
v2
  1
2 
Ja
n 
20
04
Curvature and isocurvature perturbations in a three-fluid model of curvaton decay
Sujata Gupta1, Karim A. Malik2,3 and David Wands1
1Institute of Cosmology and Gravitation, University of Portsmouth, Portsmouth PO1 2EG, United Kingdom
2GRECO, Institut d’Astrophysique de Paris, C.N.R.S., 98bis Boulevard Arago, 75014 Paris, France
3Physics Department, Lancaster University, Lancaster LA1 4YB, UK
(Dated: February 26, 2018)
We study the evolution of the cosmological perturbations after inflation in curvaton models where
the non-relativistic curvaton decays into both radiation and a cold dark matter component. We cal-
culate the primordial curvature and correlated isocurvature perturbations inherited by the radiation
and cold dark matter after the curvaton has decayed. We give the transfer coefficient in terms of
the initial curvaton density relative to the curvaton decay rate.
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I. INTRODUCTION
Observational results obtained by a variety of recent cosmic microwave background and large scale structure ex-
periments have greatly improved our picture of the Universe on the largest observable scales. These observations are
consistent with a primordial spectrum of adiabatic, Gaussian, scale-independent perturbations [1, 2, 3, 4, 5, 6, 7, 8, 9].
An attractive explanation is that these primordial perturbations in the early radiation-dominated era originate from
quantum fluctuations in an earlier inflationary era where small scale vacuum fluctuations can be stretched up to
arbitrarily large scales [10]. Although it is often assumed that primordial perturbations originate from adiabatic
fluctuations of a slowly-rolling scalar field driving the inflationary expansion (the inflaton), any light scalar field (with
effective mass less than the Hubble scale) will acquire an almost scale-invariant spectrum during an almost exponen-
tial expansion. Whether or not these isocurvature fluctuations in non-inflaton fields produce a primordial curvature
perturbation depends upon whether or not the local value of that scalar field subsequently affects the local radiation
density [11, 12].
In the curvaton scenario [13, 14, 15] a light, weakly coupled scalar field remains decoupled from the inflaton during
inflation and remains decoupled after the end of inflation. Once the Hubble scale drops below the effective mass
of the curvaton, the field oscillates and eventually decays. But if the decay is late enough then the density of the
non-relativistic curvaton may have grown large enough to contribute significantly (more than about 1%) to the total
energy density of the universe. Then the local radiation density after curvaton decay depends upon the local value of
the curvaton at the end of inflation and it is the initial isocurvature perturbation of the curvaton field that determines
the primordial density perturbation. This scenario leads to new possibilities for building particle physics models of
inflation [16] and qualitatively different constraints upon the inflationary parameters [17].
In the conventional slow-roll inflaton scenario there is a remarkable simplification when calculating observational
constraints: one can calculate the primordial perturbations directly in terms of the inflaton field fluctuations during in-
flation, independently of the detailed physics of the end of inflation, reheating and the subsequent radiation-dominated
era. This is because the inflaton fluctuations describe adiabatic perturbations about the background homogeneous
cosmology on large scales and one can define a conserved curvature perturbation ζ directly from energy conservation
[18, 19].
By contrast, fluctuations in the curvaton field describe non-adiabatic perturbations about the background cosmology
and the total curvature perturbation ζ is no longer conserved on large scales. The non-adiabatic nature of the initial
perturbations leaves open the possibility of residual isocurvature perturbations and detectable non-Gaussianity in the
curvaton scenario [14, 15, 20, 21]. One can define individual curvature perturbations for the radiation and curvaton
fluids that remain approximately conserved so long as the fluids can be assumed to be non-interacting [18, 19]. This
has been used to derive an approximate calculation of the resulting primordial perturbations in the curvaton scenario
in terms of the curvaton density at the decay time in what has been called the sudden-decay approximation [14, 20].
However an accurate calculation of the resulting primordial perturbations requires numerical solution of the pertur-
bation equations. This was performed in [22] for a two-fluid model where non-relativistic curvaton particles decay into
radiation. In this paper we extend this analysis to a three-fluid system to include the possibility that the curvaton also
decays into non-relativistic cold dark matter (CDM). This allows us to calculate the residual isocurvature perturbation
that may be inherited by the matter in this scenario. See Ref. [15] for a numerical solution of the perturbed curvaton
equations in a field theory description. Analytic estimates of the amplitude of the residual isocurvature perturbation
in other models for the CDM were given in Ref. [21].
In section II we set up the coupled evolution equations for a system of dimensionless variables describing the
2evolution of the background homogeneous cosmology. We then give the coupled evolution equations for linear density
perturbations in each fluid on uniform-curvature hypersurfaces in section III. In an appendix we present equations
describing the evolution of curvature and isocurvature perturbations in manifestly gauge-invariant form and discuss
the appearance of singularities for some gauge-invariant quantities in a system such as this that includes energy
transfer between fluids. This is seen to be due to a singular choice of hypersurface rather than a breakdown of
perturbation theory.
The primordial perturbations that result from an initial curvaton perturbation can be characterised by a transfer
coefficient that is a unique function of a single dimensionless parameter that specifies the initial density of the curvaton
relative to the curvaton decay rate. We give an accurate analytic approximation (to better than 1%) for the curvature
transfer coefficient. The same coefficient also determines non-Gaussianity of the primordial perturbations [14] and, in
our three-fluid model, the amplitude of the residual isocurvature perturbation. We are able to derive, as an exact result,
a simple consistency relation between the ratio of isocurvature to curvature perturbations and the non-Gaussianity
of the primordial perturbations, which was previously derived only using the sudden-decay approximation.
We present our conclusions in section IV.
II. BACKGROUND EQUATIONS AND DECAY
In this section we will first review the governing equations of the background quantities in a Friedman–Robertson–
Walker (FRW) universe and then find the evolution equations for the perturbations for three interacting fluids,
following Ref. [22]. We begin the analysis after the end of inflation when the vacuum energy driving inflation has
decayed into radiation. We assume that at that time the curvaton density is much smaller than the total density,
consistent with the assumption that curvaton fluctuations are initially isocurvature perturbations.
The radiation (γ) is a relativistic fluid with pressure Pγ = ργ/3. We model the other two components, the curvaton
(σ) and the cold dark matter (m), as non-relativistic fluids, Pσ = Pm = 0. This is a good description of the classical
field dynamics once the Hubble rate has dropped below the effective mass of the curvaton so that the curvaton field
begins coherent oscillations.
The evolution of a flat background FRW universe is governed by the Friedmann constraint and the continuity
equation, respectively,
H2 =
8πG
3
ρ , (1)
ρ˙ = −3H (ρ+ P ) , (2)
where the dot denotes a derivative with respect to coordinate time t, H is the Hubble parameter, and ρ and P are
the total energy density and the total pressure, related to the density and pressure of the component fluids by∑
α
ρα = ρ ,
∑
α
Pα = P . (3)
The continuity equation for each individual fluid in the background can be written as [23]
ρ˙α = −3H (ρα + Pα) +Qα , (4)
where Qα describes the energy transfer per unit time to the α-fluid.
We assume the curvaton can decay into both radiation and cold dark matter, described by the two decay rates, Γ1
and Γ2 respectively. For simplicity we assume the decay rates are fixed constants. This gives the background energy
transfer as
Qσ = −(Γ1 + Γ2)ρσ , (5)
Qγ = Γ1ρσ , (6)
Qm = Γ2ρσ . (7)
The cold dark matter in this model is assumed to be a non-relativistic product of curvaton decay, which does not
interact with radiation even at these early times. Γ2/Γ1 determines the energy density of cold dark matter particles
relative to the radiation produced by curvaton decay. For the CDM to remain subdominant until matter-radiation
equality at Teq ≃ 1eV we require
Γ2
Γ1
.
[
Ωm
Ωγ
]
decay
=
Teq
Tdecay
< 10−6 . (8)
3The final inequality follows from requiring that the curvaton decays before primordial nucleosynthesis (Tdecay >
1MeV), after which time any significant entropy production would spoil theoretical predictions of the primordial
abundance of light elements.
The background energy transfer must always obey the constraint∑
α
Qα = 0 . (9)
It is useful to rewrite the background equations (4), in terms of dimensionless density parameters
Ωσ ≡
ρσ
ρ
, Ωγ ≡
ργ
ρ
, Ωm ≡
ρm
ρ
, (10)
which gives the evolution equations
Ω′σ = Ωσ
(
Ωγ −
Γ1 + Γ2
H
)
, (11)
Ω′γ = Ωσ
Γ1
H
+Ωγ (Ωγ − 1) , (12)
Ω′m = Ωσ
Γ2
H
+ΩmΩγ , (13)
where a dash denotes the differentiation with respect to the number of e-foldings, N ≡
∫
Hdt.
The Friedmann constraint (1) then yields
Ωσ +Ωγ +Ωm = 1. (14)
The evolution of the inverse Hubble parameter is governed by(
1
H
)
′
=
(
1 +
1
3
Ωγ
)(
3
2H
)
. (15)
Hence we have an autonomous dynamical system consisting of the four Eqs. (11–13), and (15), but the constraint
(14) makes one of them redundant.
A. Numerical solutions
In Fig.1 we show a phase-plane which plots the evolution of the curvaton energy density against the dimensionless
decay rate, 0 < Γ1/(Γ1 +H) < 1. Note that for Γ2 ≪ Γ1 the evolution of Ωσ is effectively independent of Γ2 and the
phase-plane shown is identical to that studied in Ref.[22].
All trajectories in the phase-plane in Fig.1 start close to the origin with Ωσ ≪ 1 and H ≫ Γ1. From the limiting
form of Eqs. (11) and (14) for Ωγ ≃ 1 we can see that Ωσ ∝ H
−1/2 ∝ eN [22]. Thus different trajectories can be
identified by different values of the dimensionless parameter
p ≡
[
Ωσ
(
H
Γ1
) 1
2
]
initial
. (16)
If we consider the initial conditions for the fluid model to be set when the curvaton begins to oscillate (Hin = mσ)
then we can write
p =
8π〈σ2〉in
3M2Pl
(
mσ
Γ1
)1/2
. (17)
The curvaton vacuum expectation value is bounded, 〈σ2〉in < M
2
Pl, as we work in the regime where there is no phase of
curvaton-driven inflation [17]. Nonetheless p can be large if the curvaton decay rate is slow, e.g., mσ/Γ1 ∼ (MPl/mσ)
2
for gravitational strength decay.
We show in Figures 2 to 4 examples of the time-evolution of the three fluid energy densities along different trajec-
tories. Figure 2(a) corresponds to trajectory A of the phase–plane Figure 1. The system begins radiation dominated
but as time passes the curvaton density, with a dust equation of state, grows relative to the radiation density. The
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FIG. 1: The phase plot shows the evolution of the dimensionless energy density, Ωσ , for different values of the dimensionless
parameter, p, defined in Eq. (16), varying from 3.15× 103 (top line) to 3.15× 10−3 (bottom line). For all of the lines Γ2 ≪ Γ1.
The evolution of the densities of all three fluids are plotted below in Figs. 2 to 4 for the trajectories, marked A, B and C.
energy density of the curvaton then rapidly decays when H ∼ Γ1. In this example there is a period of curvaton
domination (Ωσ ≃ 1) before the curvaton decays.
Figure 3(a), corresponding to trajectory B of the phase–plane figure (1), has a lower value the parameter p, so
the curvaton density does not climb as high before it decays away. Figure 4(a), corresponding to trajectory C of the
phase–plane figure (1), has the lowest value of p of the three plots and the ratio of initial curvaton density to the
decay rate is low enough that there is no period of curvaton domination in this example.
III. PERTURBED EQUATIONS
The evolution equation for density perturbations in the α fluid is given on large scales and on uniform-curvature
hypersurfaces by [22]
δ˙ρα + 3H(δρα + δPα) +Qα
δρ
2ρ
− δQα = 0 , (18)
where δρα, δPα and δQα are the density perturbations, the pressure perturbation, and the energy transfer perturbation
of the α-fluid. δρ is the total density perturbation on the uniform-curvature hypersurfaces and appears in the equation
for the perturbed energy transfer due to the gravitational time dilation [22].
The perturbed energy transfer (assuming the physical decay rates are unperturbed) is given by,
δQσ = −(Γ1 + Γ2)δρσ , (19)
δQγ = Γ1δρσ , (20)
δQm = Γ2δρσ . (21)
We will evolve the perturbed conservation equations (18), which can be written in terms of the dimensionless density
50 5 10 15 20 25
N
0
0.2
0.4
0.6
0.8
1
Ω
σ
Ωγ
Ω
m
0 5 10 15 20 25
N
0
1
2
3
4
5
ζ/ζσ,in
ζ
m/ζσ,in
ζγ/ζσ,in
ζ
σ/ζσ,in
(b)
(a)
FIG. 2: (a) The evolution of Ωσ (solid), Ωγ (dashed) and Ωm (dotted) against e-foldings N of line A of Fig.1. The initial
value of Ωσ is 10
−2.5, and Γ1 = 10
−10 and Γ2 = 10
−12. (b) The evolution of ζσ/ζσ,in (dotted), ζγ/ζσ,in (dot–dashed), ζm/ζσ,in
(dashed) and the total curvature perturbation, ζ/ζσ,in (solid), against e-foldings N of line A of Fig.1.
parameters as
δρ′σ +
(
3 +
Γ1 + Γ2
H
)
δρσ −
Γ1 + Γ2
H
Ωσ
δρ
2
= 0 , (22)
δρ′γ + 4δργ −
Γ1
H
(
δρσ − Ωσ
δρ
2
)
= 0 , (23)
δρ′m + 3δρm −
Γ2
H
(
δρσ − Ωσ
δρ
2
)
= 0 . (24)
where a prime denotes derivatives with respect to N .
Written in this form it is evident that the linear evolution of the density perturbations depends only upon the
dimensionless background variables Ωα and decay rates Γα/H . Hence the final amplitude of the density perturbations,
δρα,final, relative to the initial curvaton perturbation δρσ,initial will depend only upon which trajectory is followed in
the background phase-space (Ωα,Γα/H). They will not depend on dimensional quantities such as Hinitial. In fact
we will show that the large-scale perturbations after the curvaton has decayed can be written simply in terms of the
initial curvaton perturbation and a function of the dimensionless parameter p defined in Eq. (16).
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FIG. 3: (a) The evolution of Ωσ (solid), Ωγ (dashed) and Ωm (dotted) against e-foldings N of line B of Fig.1. The initial value
of Ωσ is 10
−4.6. Γ1 and Γ2 are the same as in Fig.2. (b) The evolution of ζσ/ζσ,in (dotted), ζγ/ζσ,in (dot–dashed), ζm/ζσ,in
(dashed) and the total curvature perturbation, ζ/ζσ,in (solid), against e-foldings N of line B of Fig.1.
A. Curvature and isocurvature perturbations
The gauge-invariant variable, ζ, introduced by Bardeen [24, 25], is commonly used to describe the large-scale
curvature perturbation. It is equivalent to the curvature perturbation of uniform-density hypersurfaces and remains
constant on super–horizon scales for adiabatic perturbations. This quantity is simply related to the total density
perturbation on uniform-curvature hypersurfaces [18, 25]
ζ = −H
δρ
ρ˙
. (25)
We can also define the curvature perturbation on uniform α-fluid density hypersurfaces, ζα, which is related to the
α-fluid density on uniform-curvature hypersurfaces [18]
ζα = −H
δρα
ρ˙α
. (26)
The total density perturbation is just the sum of the density perturbations of the individual fluids, δρ =
∑
α δρα, and
hence the total curvature perturbation ζ is the weighted sum of the individual perturbations [18],
ζ =
∑
α
ρ˙α
ρ˙
ζα . (27)
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FIG. 4: (a) The evolution of Ωσ (solid), Ωγ (dashed) and Ωm (dotted) against e-foldings N of line C of Fig.1. The initial value
of Ωσ is 10
−5.5. Γ1 and Γ2 are the same as in Fig.2. (b) The evolution of ζσ/ζσ,in (dotted), ζγ/ζσ,in (dot–dashed), ζm/ζσ,in
(dashed) and the total curvature perturbation, ζ/ζσ,in (solid), against e-foldings N of line C of Fig.1.
The difference between any two individual curvature perturbations, ζα and ζβ , describes an isocurvature or entropy
perturbation [18, 22]
Sαβ = 3 (ζα − ζβ) . (28)
Note that the definition of ζα becomes singular whenever ρ˙α = 0. For instance the physical density of cold dark
matter is initially vanishing, but growing due to the decay of the curvaton (ρ˙m > 0). However after the curvaton has
completely decayed, the matter density is diluted by the expansion (ρ˙m < 0). At one instant we have ρ˙m = 0 and
ζm is ill-defined. This has been previously noted in the case of an oscillating scalar field at stationary values of the
field [26]. It is a consequence of the uniform α-density hypersurfaces becoming ill-defined, and does not signal the
breakdown of perturbation theory, as long as we can find some gauge where the hypersurfaces are well-defined and
perturbations remain small (see Appendix).
In this case we will numerically solve for the fluid density perturbations on uniform-curvature hypersurfaces. Fig.
5 shows an example of the evolution of the density perturbations in equations (22) to (24) above, showing that they
do indeed remain well-defined throughout the evolution.
From the density perturbations we then construct the curvature perturbations, Eq.(25) and (26), which gives
ζσ =
8πG
3H
δρσ
Ωσ (3H + Γ1 + Γ2)
, (29)
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FIG. 5: The evolution of the density perturbations on uniform-curvature hypersurfaces, δρσ (solid), δργ (dashed) and δρm
(dotted), against e-foldings N along the background trajectory B in Fig.1.
ζγ = −
8πG
3H
δργ
(−4HΩγ + Γ1Ωσ)
, (30)
ζm = −
8πG
3H
δρm
(−3HΩm + Γ2Ωσ)
, (31)
At late times, after the curvaton has completely decayed the fluids are non-interacting and have monotonically
decreasing energy densities (diluted by the expansion) so the curvature perturbations, ζα, are well-defined, and
constant on large scales. Observations of, for example, the CMB directly constrain the amplitude of the total
curvature and isocurvature perturbations. On large angular scales the temperature perturbations on the surface of
last-scattering are given by the Sachs-Wolfe effect [6, 7, 27](
δT
T
)
lss
=
1
5
(−ζγ − 2Smγ)lss . (32)
B. Numerical results
We have numerically evolved the coupled system of background equations (11)–(13) and (15) and first-order per-
turbations (22)–(24). In each case we begin with a smooth (ζγ,in = 0), dominant radiation fluid (Ωγ,in ≃ 1) and
a subdominant curvaton fluid (Ωσ,in ≪ 1) with an initial perturbation ζσ,in 6= 0. The cold dark matter density is
initially zero (Ωm,in = 0, ζm,in = 0), and is produced solely from curvaton decay. The initial density perturbations on
uniform-curvature hypersurfaces are given in terms of ζα,in from Eqs. (29)–(31).
In all cases we start the evolution at some high energy scale, with a large value of the Hubble parameter, characterised
by a small initial value of the Hubble time relative to the decay time, Γ1/Hin ≪ 1. The subsequent evolution is not
directly affected by the precise value of Γ1/Hin, but rather by the parameter p defined in Eq. (16) which characterises
the phase-space trajectory. In particular the final values of the curvature and isocurvature perturbations are a function
solely of the parameter p.
Figures 2(b), 3(b) and 4(b) show the evolution of the large–scale curvature perturbations for the three fluids along
three different background trajectories.
1. Radiation
The radiation curvature perturbation ζγ grows as the curvaton decays, and reaches an equilibrium point in the
phase-space where ζγ = ζσ [22]. The final value for ζγ relative to the initial value of ζσ,in depends upon the relative
density of the curvaton at the decay epoch, Ωσ,decay. This determines the proportion of the final radiation that comes
from the decay of the perturbed curvaton.
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FIG. 6: Curvature transfer coefficient r ≡ ζγ,out/ζσ,in, plotted against background parameter p ≡
[
Ωσ (H/Γ1)
1/2
]
in
.
For example, in Fig. 2(a), corresponding to trajectory A of Fig. 1, the curvaton comes to dominate (Ωσ ≃ 1) before
the decay epoch. Thus almost all the radiation at late times comes from the decay of the curvaton and hence, in
Fig. 2(b), the radiation fluid at late times inherits the initial curvaton perturbation, ζγ ≃ ζσ,in. Compare this with
Fig. 4, corresponding to trajectory C of the Fig. 1. In this case the curvaton decays while Ωσ ≪ 1 and the proportion
of the final radiation energy density which results from the decay of the perturbed curvaton component is much
smaller in this picture.
We define r to be the ratio between the curvature perturbation of the radiation component at the end of the
calculation (when all of the curvaton component has decayed away) to the initial curvaton perturbation,
ζγ,out = rζσ,in . (33)
We find that r is solely a function of the choice of trajectory in the background phase-space, Fig. (1). Each trajectory
is uniquely identified in terms of the initial data by the value of the parameter p defined in Eq. (16).
We plot r against p in Fig. (6). At small values of p this approaches a linear function
r ≃ 0.924p , (34)
see Fig. (7). This coincides with the sudden-decay approximation calculated in Ref. [22] for Ωσ,in ≪ 1. The linear
approximation is good to better than 1% up to p = 0.011 (r = 0.0108) and better than 10% up to p = 0.11 (r = 0.10).
At larger values of p the transfer coefficient r(p) turns over and r → 1 for p≫ 1. The full function is well fit by
rfit(p) = 1−
(
1 +
0.924
q
p
)
−q
, (35)
where, by fitting over the range 10−2 < p < 102, we find q = 1.24. This gives a fit to the numerical calculation of r(p)
to better than 0.2% for any value of p.
2. Cold Dark Matter
In our model the universe starts with an initial cold dark matter density, ρm, equal to zero which then grows
due to curvaton decay, but eventually starts decreasing due to cosmic expansion. As remarked earlier the curvature
perturbation associated with the cold dark matter, ζm, becomes ill-defined when ρ˙m = 0. This occurs when Qm =
Γ2ρσ = 3Hρm, in Eq. (4) for α = m. The divergence of ζm is clearly seen at early times (before the curvaton decays)
in Figures 2(b), 3(b) and 4(b).
The curvature perturbation ζm is initially time-dependent due to the energy transfer from the perturbed curvaton,
but settles down to a constant value at late times, once the curvaton has completely decayed Γ1 + Γ2 ≫ H . We find
that if the cold dark matter is produced solely from curvaton decay, it inherits a curvature perturbation ζm,out at late
times equal to the initial curvaton perturbation, ζσ,in.
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FIG. 7: Curvature transfer coefficient r, defined in Eq. (33), plotted against parameter p, defined in Eq. (16), with a linear fit
r = 0.924p for p≪ 1. This linear fit is accurate to within 1% for p < 0.011.
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FIG. 8: Isocurvature transfer coefficient, 1−r, defined in Eq. (33), plotted against parameter p, defined in Eq. (16). Also shown
(dot-dashed line) is the fitting function 1− rfit, defined in Eq. (35). This is accurate to within 1% for p < 8.14 (corresponding
to 1− r > 0.086).
This simple result can be derived by considering a composite energy density constructed from the CDM density
and a fixed fraction of the curvaton density:
ρcomp ≡ ρm +
Γ2
Γ1 + Γ2
ρσ . (36)
From Eqs. (5) and (7) we see that the corresponding energy transfer is zero, i.e.,
Qcomp ≡ Qm +
Γ2
Γ1 + Γ2
Qσ = 0 . (37)
Thus we obtain from Eqs. (4) and (18) the standard evolution equations for the composite energy density and its
perturbation:
ρ˙comp = −3Hρcomp , (38)
δ˙ρcomp = −3Hδρcomp . (39)
Note that as both the curvaton and CDM are pressureless then so is the composite energy density, Pcomp = 0. Since
we have a conserved energy density with a unique equation of state the corresponding curvature perturbation, defined
by Eq. (26),
ζcomp =
δρcomp
3ρcomp
, (40)
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is conserved on large scales [18, 19].
Initially ρm = 0 and δρm = 0 and hence ζcomp = ζσ,in. At late times ρm ≫ (Γ2/(Γ1 + Γ2)) ρσ, and ζcomp = ζm ,out.
Therefore
ζm ,out = ζσ,in , (41)
as we see in Figs. 2, 3 and 4.
3. Curvature and isocurvature perturbations
After the curvaton has decayed, (Ωσ → 0), we are left with one overall curvature perturbation, Eq. (27),
ζ =
4Ωγ
4Ωγ + 3Ωm
ζγ +
3Ωm
4Ωγ + 3Ωm
ζm , (42)
and one relative isocurvature (entropy) perturbation between the radiation and cold dark matter, Eq. (28),
Smγ = 3 (ζm − ζγ) . (43)
The primordial curvature perturbation is usually taken to be the curvature perturbation at, for instance, the epoch
of primordial nucleosynthesis when the Universe is known to be radiation dominated (Ωγ ≫ Ωm,Ωσ = 0), and hence
ζ ≃ ζγ .
We have seen that the primordial curvature perturbation relative to the initial curvaton perturbation is a function
of the trajectory, r(p) in Eq. (33),
ζ|nuc ≡ ζγ,out = rζσ,in , (44)
whereas the final cold dark matter curvature perturbation is identical to the initial curvaton perturbation, Eq. (41).
Hence
S|nuc ≡ Smγ,out = 3 (1− r) ζσ,in . (45)
If r = 1 then we obtain an adiabatic curvature perturbation after the curvaton has decayed and there is no late-time
isocurvature perturbation.
Note that the fitting function rfit(p) given in Eq. (35) gives a good approximation, for 1 − r (better than 1% for
r < 0.914 (p < 8.14) or better than 10% for r < 0.993 (p < 66)).
Therefore the primordial isocurvature and curvature perturbations are 100% correlated with their ratio fixed by
r(p):
S
ζ
∣∣∣∣
nuc
=
3 (1− r)
r
. (46)
This expression was derived in Ref. [20] using the sudden-decay approximation. We have shown that it is in fact an
exact expression when the CDM is produced directly from the decay of the curvaton, and r is defined by Eq. (33).
IV. CONCLUSIONS
In this paper we have studied the coupled evolution of background densities and linear perturbations of three
interacting fluid components: radiation, a curvaton field and cold dark matter. We solve numerically the evolu-
tion equations for density perturbations on spatially flat hypersurfaces to calculate the spectrum of curvature and
isocurvature (or relative entropy) perturbations that result from initial perturbations in the curvaton field.
Whereas the resulting radiation curvature perturbation, ζγ,out, is dependent on the initial values of background
parameters (such as curvaton density), we find the simple result that the final CDM curvature perturbation, ζm,out,
is always exactly equal to the initial curvaton perturbation ζσ,in, in a model where the CDM is directly produced by
curvaton decay. We are able to demonstrate this analytically by constructing a conserved quantity, ζcomp, that at
early times is equal to the curvaton perturbation and at late times is equal to the CDM curvature perturbation. In
effect this solves the evolution of one degree of freedom and allows us to solve numerically only for ζγ as a function
of input parameters.
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The background evolution of the fluids is described by a trajectories in phase-space distinguished by a dimensionless
parameter p = [Ω(H/Γ1)
1/2]in. The ratio r between ζγ,out and ζσ,in is a function solely of this trajectory parameter p
and is well-fit by a simple numerical function given in Eq. (35). This coincides with the “sudden-decay approximation”
[14, 22] for p≪ 1.
The resulting radiation and CDM perturbations after curvaton decay can then be used to predict the spectrum
of CMB anisotropies in a given model where the CDM is produced directly as a curvaton decay product. CMB
constraints are usually quoted in terms of the primordial curvature ζnuc and an isocurvature perturbation Snuc around
the epoch of primordial nucleosynthesis, leading to(
ζ
S
)
nuc
=
(
1 r/3
0 (1− r)
)(
ζ
S
)
in
. (47)
In the curvaton scenario ζin = ζγ,in = 0 and Sin = 3(ζσ,in − ζγ,in) = 3ζσ,in. Although the model we have studied
describes the production of CDM directly from the curvaton decay, one would expect a similar result to hold for
models where the net baryon or lepton number is directly produced from curvaton decay.
The matrix equation (47) is a particular case of the general form of the transfer matrix for curvature and isocurvature
perturbations presented in Ref. [6, 28] where the contribution of the initial isocurvature perturbation to the resulting
primordial curvature and isocurvature perturbation is model dependent. For instance in a curvaton scenario where
the CDM is a thermal relic which decouples from radiation sometime after the curvaton has decayed we have instead(
ζ
S
)
nuc
=
(
1 r/3
0 0
)(
ζ
S
)
in
. (48)
The matrix equations (47) and (48) using the numerically determined function r(p) [or its approximate form rfit(p)]
enable one to relate CMB observations to curvaton model parameters such as the curvaton decay rate, Γ, and the
curvaton density, ρσ, at some early time, characterised by the value of the Hubble rate H , and the initial spectrum
of curvaton perturbations ζσ = (1/3)δρσ/ρσ.
For example, in the model where the CDM is directly produced by curvaton decay we confirm [14] that the relative
amplitude of primordial isocurvature to curvature perturbations is a fixed ratio 3(1− r)/r which is a function solely
of the background parameter p defined in Eq. (16). This holds independently of the “sudden-decay approximation”
previously used.
In any curvaton model the transfer coefficient r is independent of scale in the large-scale limit (by definition) so
that the scale-dependence of the primordial perturbation spectra are inherited directly from the scale dependence of
the curvaton perturbation at the end of inflation [14, 28]
∆nσ ≡
d lnPδσ
d ln k
= −2ǫ+ 2ησ . (49)
In this expression ǫ ≡ −H˙/H2 is the usual dimensionless slow-roll parameter during inflation and ησ ≡ m
2
σ/3H
2 is
the effective mass of the curvaton relative to the Hubble scale during inflation. Both the curvature and isocurvature
perturbation (if any) originate from initial curvaton perturbation and are thus completely correlated, independent of
the physics of the curvaton decay. In the absence of any additional source for the isocurvature perturbations, the
curvature and any isocurvature perturbations must share the same spectral tilt, given by Eq. (49).
Note that the curvature transfer coefficient r can also be related to the non-Gaussianity of the primordial perturba-
tions. If r is small then the initial curvaton perturbation ζσ,in must be correspondingly large in order to produce a given
amplitude of primordial curvature perturbation. This leads to a larger contribution from second-order perturbations
in the curvaton density, which shows up in the non-linearity parameter [9, 29]
fNL ≈
5
4r
, (50)
for r ≪ 1 [14]. (See [30] for corrections when r ∼ 1.) There is thus a possible consistency test of this curvaton
model using two observables. Existing constraints on the relative amplitude of primordial isocurvature to curvature
perturbations [7] constrain r > 0.9 in models where the CDM is directly produced by curvaton decay, and hence limit
the allowed non-Gaussianity. However in curvaton models which produce purely adiabatic perturbations (Snuc = 0),
determinations of the non-linear parameter fNL may be the only way to determine independently both the transfer
parameter r (and hence the model parameter p) and the initial amplitude of the curvaton perturbation ζσ.
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APPENDIX A: GAUGE-INVARIANT ADIABATIC AND ENTROPY PERTURBATIONS
In a multi-component system it is often useful to re-write the coupled perturbation equations in terms of the instan-
taneous overall curvature perturbation (often called the adiabatic perturbation) and the relative entropy perturbations
between fluids. In this appendix we follow the treatment of Ref. [22] and the reader is referred to this source for more
details. Throughout this paper we work in the large scale limit, i.e., neglecting gradient terms.
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1. Evolution of curvature and entropy perturbations
The gauge-invariant definition of the total curvature perturbation on uniform-density hypersurfaces is [18, 24, 31]
ζ ≡ −ψ −H
δρ
ρ˙
, (A1)
where ψ and δρ are the gauge-dependent curvature and density perturbations. The evolution of the curvature
perturbation is given on large scales by [18, 22, 32]
ζ˙ = −
H
ρ+ P
δPnad , (A2)
where the non-adiabatic pressure perturbation is δPnad ≡ δP − c
2
sδρ and the adiabatic sound speed is c
2
s = P˙ /ρ˙. Thus
the total curvature perturbation is constant on large scales for purely adiabatic perturbations.
In the presence of more than one fluid, the total non-adiabatic pressure perturbation, δPnad, may be split into two
parts,
δPnad ≡ δPintr + δPrel . (A3)
The first part is due to the intrinsic entropy perturbation of each fluid
δPintr =
∑
α
δPintr,α , (A4)
where the intrinsic non-adiabatic pressure perturbation of the α-fluid is given by
δPintr,α ≡ δPα − c
2
αδρα , (A5)
where c2α ≡ P˙α/ρ˙α is the adiabatic sound speed of that fluid. The second part of the total non-adiabatic pressure
perturbation (A3) is due to the relative entropy perturbation between different fluids,
δPrel ≡ −
1
6Hρ˙
∑
α,β
ρ˙αρ˙β
(
c2α − c
2
β
)
Sαβ , (A6)
where Sαβ is the relative entropy (or isocurvature) perturbation, Eq. (28),
Sαβ = −3H
(
δρα
ρ˙α
−
δρβ
ρ˙β
)
. (A7)
Note, that Eq. (A6) corrects a sign error in Eq. (2.31) of Ref. [22].
The evolution equation for the relative entropy perturbation Sαβ on large scales is given by [22]
S˙αβ = 3H
(
3HδPintr,α − δQintr,α − δQrel,α
ρ˙α
−
3HδPintr,β − δQintr,β − δQrel,β
ρ˙β
)
, (A8)
where the intrinsic non-adiabatic energy transfer perturbation is defined as [22]
δQintr,α ≡ δQα −
Q˙α
ρ˙α
δρα , (A9)
and the relative non-adiabatic energy transfer is defined as
δQrel,α =
Qαρ˙
2ρ
(
δρα
ρ˙α
−
δρ
ρ˙
)
= −
Qα
6Hρ
∑
β
ρ˙βSαβ . (A10)
For fluids, such as radiation or non-relativistic matter in our curvaton model, with definite equation of state,
Pα(ρα), the intrinsic non-adiabatic pressure perturbation in Eq. (A4) is zero. Hence the total non-adiabatic pressure
perturbation (A6) for our model can be written as
δPnad = δPrel =
ρ˙γ
9Hρ˙
(ρ˙mSmγ + ρ˙σSσγ) . (A11)
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Hence the evolution equation (A2) for ζ is
ζ˙ =
Hρ˙γ
3ρ˙2
(ρ˙σSσγ + ρ˙mSmγ) . (A12)
The intrinsic energy transfer perturbation, following from Eq. (21), are
δQintr,σ = 0 , (A13)
δQintr,γ = −
Γ1
3H
ρ˙σSσγ , (A14)
δQintr,m = −
Γ2
3H
ρ˙σSσm , (A15)
while the relative energy transfer perturbations are
δQrel,σ =
(Γ1 + Γ2)ρσ
6Hρ
(ρ˙γSσγ + ρ˙mSσm) , (A16)
δQrel,γ =
Γ1ρσ
6Hρ
(ρ˙σSσγ + ρ˙mSmγ) , (A17)
δQrel,m =
Γ2ρσ
6Hρ
(ρ˙σSσm − ρ˙γSmγ) . (A18)
Hence the evolution of the relative entropy perturbations can be written as
S˙σγ =
1
2ρ
[
Γ1ρσ
ρ˙m
ρ˙γ
Smγ − (Γ1 + Γ2)ρσ
ρ˙m
ρ˙σ
Sσm −
(
2Γ1ρ
ρ˙σ
ρ˙γ
− Γ2ρσ
ρ˙γ
ρ˙σ
)
Sσγ
]
, (A19)
S˙mγ =
(
Γ1
ρ˙m
ρ˙γ
− Γ2
ρ˙γ
ρ˙m
)
ρσ
2ρ
Smγ + Γ2
(
1−
ρσ
2ρ
)
ρ˙σ
ρ˙m
Sσm − Γ1
(
1−
ρσ
2ρ
)
ρ˙σ
ρ˙γ
Sσγ , (A20)
S˙σm = −(Γ1 + Γ2)
ρσ
2ρ
ρ˙γ
ρ˙σ
Sσγ −
[
Γ2
(
1−
ρσ
2ρ
)
ρ˙σ
ρ˙m
+ (Γ1 + Γ2)
ρσ
2ρ
ρ˙m
ρ˙σ
]
Sσm − Γ2
ρσ
2ρ
ρ˙γ
ρ˙m
Smγ . (A21)
Note that we can always identify a trivial solution to Eqs. (A19–A21) with all the entropy perturbations Sαβ = 0
which corresponds to the adiabatic mode and leaves ζ = constant in Eq. (A12), even in a system such as this including
energy transfer between different components.
2. Singular and Non–Singular Hypersurfaces
From Eq. (A7) we see that the relative entropy perturbation Sαβ becomes singular whenever ρ˙α = 0. This can
occur if we have multiple fluids with energy transfer between them whenever Qα = 3H(ρα + Pα). This is because
the uniform α-fluid hypersurfaces become ill-defined to first-order whenever ρα is stationary, i.e., the first-derivative
vanishes.
Thus a divergence in a gauge-invariant quantity such as Sαβ need not signal the breakdown of perturbation theory,
but instead may indicate that a particular choice of hypersurface was not well-defined [26]. This is indeed the case in
the curvaton model studied in this paper: we see that the density perturbations on uniform-curvature hypersurfaces
remain finite even when ρ˙α = 0.
From the definition of Sαβ , Eq. (A7) above, we see that we can construct a non-singular quantity
∆αβ ≡ ρ˙αρ˙βSαβ = −3H (ρ˙βδρα − ρ˙αδρβ) . (A22)
Since the definition of Sαβ is gauge invariant then so is ∆αβ .
The evolution equation for the total curvature perturbation on large scales, Eq. (A2) can then be written in terms
of ∆αβ as
ζ˙ =
1
3H(ρ+ P )2
∑
α

HδPintr,α − c2α
∑
β
∆αβ

 . (A23)
The uniform total density hypersurfaces, on which ζ is defined, always remain well defined, since ρ˙ 6= 0 after
inflation.
